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ABSTRACT

A computer program to perform dynamic systems analys.s und
plot the results is presented. Linear systems and a large clussif'icu-

tion of nonlinear systems representing engineering, scientific, and

economic disciplines can be modeled to permit application of the computer

program. Two examples are given to demonstrate the capabilities of the
analysis tool. The mathematical model of a missile guidance and control
system is analyzed and a ratio of polynomials representing the closed
loop transfer function of a high performance model follower aircraft is
evaluated., Linear differential equations to the 100th crder having

real or complex roots can be studied. System characteristic equation

root loci and system transfer functions are plotted.
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1, INTRODUCTION

Systems analyses require that mathematical models be developed
and exercised to determine cause-and-effect relationships. One powerful
method is to generate linearized equations for each physical phenomenon
occurring in the process and combine these into input-output relation-

ships through the application of Laplace transformations.

Studying the characteristic equations of the input-output
relations determines parametric stability trends.(l) Steady state fre-
quency response of the system provides another useful characterization
of system stability. Application of the inverse Laplace transformation
to the process transfer functions provides transient histories of output

(2)

for specific inputs.

This report discusses a program that mechanizes another part
of the analytical procedure, the determination of the frequency response
of linear systems and the modified phase-amplitude characteristic for
nonlinear systems. Reference 1, published in November 1968, discusses
a program that mechanized the determination of the roots of the char-
acteristic equation. Reference 2, discusses a program that determines
the transient response of the process when it is subjected to input

forcing functions.

Application of this computer program, which is an extension
of the material contained in Reference 1, along with the computer pro-
gram presented in Reference 2, permits one to determine quickly and
accurately the stability and performance characteristics of high-order
linear dynamic processes and to qualitatively predict the stability

and performance of a large class of nonlinear systems.

The techniques developed in this report have been applied to

(3) (&)

will be contained in a forthcoming report which expands Chapter 4.2 of

specific studies. A more extensive utilization of the methods

Reference 5. Preliminary work has been commenced to explore the utility
of these methods in providing solutions to optimal inventory

(6)(7)

problems,



A useful linear system analysis method is to determine the
steady state frequency response of the system. Evaluation of the poly-
nomials representing the system's transfer function is a time-consuming
task. Conversion of the tabulated results to a graphical display is
then required before conclusions relevant to system stability can be

appreciated.

The analysis of nonlinear systems is a difficult task, but
for certain classes of systems it is possible to obtain gqualitative
indications of stability. Similarly, the task of obtaining the tabular
data and converting it to a graphical form before conclusions can be

drawn is a laborious process.

These two methods (one linear and one nonlinear) have been
coded in a FORTRAN IV program and integrated into the root locus methods
discussed 4in Reference 1. Main features of the program are:

. FORTRAN IV program. No machine-oriented or object language.
. No FORTRAN complex type statements necessary.

. No special graphical plotting equipment.

. Order of polynomial may be up to 100.

5. DNumber of variations of given parameter may be up to 100.

£ W N o=

Main features of the graphical displays are:

ROOT LOCUS Methoa(l)
1. ILog plot of the third and fourth quadrants of the complex
frequency plane from O to 10,000 radians/second.

2. Linear plots of selected regions of the third and fourth
quadrants of the complex frequency plane with arbitrary scales.

LINEAR FREQUENCY RESPONSE Method

1. Plot of Magnitude (in decibels) and phase (in degrees) of
transfer function vs 6 decades of frequency, beginning at a selectable

minimum frequency.
2. Linear frequency plots of magnitude (in decibels) and
phase (in degrees) of transfer function for selectable ranges of frequency.

10



NONLINEAR FREQUENCY RES:ONSE Method

1. Plot of "Modified Magnitude Characteristic" (in decibels)
and "Modified Phase Characteristic” (in degrees) of transfer function vs
6 decades of frequency, beginning at same selectable minimum frequency
as linear frequency response method.

2. Linear frequency plots of "Modified Magnitude Charac-
teristics” (in decibels) and "Modified Phase Characteristic" (in degrees)
of transfer function for same selectable ranges of frequency as linear

frequency response methods.

2., THE PROBLEM

2.1 Linear System.

Regardless of the complexity of a linear closed-loop system,
its transfer function can be reduced to the equivalent form shown in
Figure 1. For multiple loop systems, the G's and H's are readily ex-
pressed as sums of products of polynomials which are identified with
individual elements making up the complete system.

E [Kp Gy (S) C
R 9

G2 (S)

F |Kc Hy (S)
Ho (S)

Figure 1. Linear Closed Loop System.

ia

R = system input,

C= system output,
r= system feedback,
E = system error,
Kp = process gain, and
Kc = controller gain.

11



The fractions Gl(s)/Ga(s) and Hl(s)/Hz(s) are equivalent trans-
fer fractions of the system and are represented by ratios of polynomials

which upon expansion can be put into the form

n-k

E 2, Mok

p=0 ; (1)
m+n-£

Z bi sm+n-i
i=o0

or 1n factored fom

KD (ea) 0 | ][ )]
+ + L
) ,,El(s zug':v.,.l g+{ogtdng ) [s+(og-3,),

(2)

L g r r- -ar -
s' 0 (stpy) B [s+(o +w, )|[s+(o -du,)
i=1 t=g+l * e

where y = n-12c-v , I= —T—M'I"

where the a's and b's are real, the poles and zeros can be either real

or complex in conjugate pairs, and m > 1,

There are two transfer functions of flundamental importance.

OPEN LOOP TRANSFER FUNCTION:

F G,(s) Hy(s) |, (3)
R R ON N o)
CLOSED IOOP TRANSFER FUNCTION:
c K G,(s)H,(s)

® T mc X O c';arsmz(s)

: (4)




The linear system's closed-loop characteristic equation,

which determines stability is

KcKpGl(s)Hl(s) + G2(s)H2(s) = 0, (5)

Dividing both sides of Equation (5) by G2(s)H2(s) gives

Gl(s)Hl(s)
KcKp G2(s)H;(s) * E =9 (6)

If we let
KK = K*, (7)
Gl(s)Hl(s) = A(s), and (8)
G2(s)H2(s) = B(s), then Equation (6) becomes (9)
K_gég_s). +1=o0. (10)

In terms of the system open-loop transfer function,
= +1=0. (11)

This expression relates the system's closed-loop characteristic equa-

tion to the system's open-loop transfer function.

The steady state frequency response of the open-loop transfer

is obtained by evaluating Equation (3) along the imaginary axis for
values of w between zero and infinity rad/s.

The result is a vector quantity,

F K* A(s)
= =M L¢ 12
B B S & % B(s) 3K 2w oL 7oL’ (12)

13



where

MoL = scalar magnitude of open-loop transfer function between

O<w< e, and

c)oL = direction of magnitude of open-loop transfer function

between 0< w < =
Equation (10) can be rewritten as

Mo Lp o+ 1 L0° = o, (12)
or Mo L9 o =1 £180°. (14)

Equation 14 is the form required to provide quantitative stability
information for a closed-loop system.

There are two figures of merit which provide a measure of
system stability. The only restriction is that all roots of the system's
open-loop transfer function denominator, B(s), be f.O.

GAIN MARGIN is the amount that MbL must be increased or de-

creased to make it equal to 1, only when the orientation of magnitude

of the open-loop transfer function, L%é%%, is 180°,

PHASE MARGIN is the amount that ¢oL must be increased or de-
creased to make it equal to 1800, only when the magnitude of the open-

A(s !
ﬁ%’s_} ,is 1,

These concepts can be related directly to Equation 1k,
Incipient instability is identified with either a zero gain or zero

phase margin.

loop transfer function,

The scalar magnitude of the open-loop transfer function is
-generally expressed in decibels. The decibel equivalent, M . (ab), of

& number, is M_ (db) = 20 log,, M

MBL’ L oL’

14



’

The gain margin and phase margin of a linear closed-loop
system as shown in Figure 1 and Equation (4) can be readily determined
by analyzing the open-loop transfer functions of Equation (3) in accord-
ance with Equation (14).

2.2 Nonlinear System.

V.M. Popov's plots of system transfer functions give some
insight into stability of nonlinear systems.(a)(9) Figure 2 shows
the system configurations considered in this analysis. It contains a
linear part and one nonlinear element and is subject to the following

restrictions.

EkeS )] o[ NON | (o)C
—_ —>

—Lb

62 (S)[  [LINEARITY

Pigure 2. Nonlinear Closed Loop System

1. The roots of Gz(s) have negative real parts and simple or
multiple roots on the imaginary axis (one root permitted at origin).

2. e S2e) =y (15)

3. The linear system of Figure 2, obtained by substituting
9=¢0, is stable.

15



If there exists a non-negative real number q such that

[(l+;jq.u) G(,jw)] +—=2->0 (16)
for all w?0, where G is defined by Gl(s), the nonlinear system is
Gels’

asympotically stable in the large.

Since G has been defined as the ratio of two polynomials, it

may be expressed as

Gyplw) + 3G, (w)

G(w) = (17)

G,g®) + 30, )

where

G = real parts of Gl’ and Gz, respectively, and

1®° SoR

, respectively.

G = imaginary parts of Gl and G

1T’ 2I 2

Redefining G(jw), we have
G(Jw) = Gplw) + JG(w), (18)

where

. _ S18%R * G11 %1 wnd
R (GQRI§+ (G )2—’

Oy g - 615 Gp1 ,

°1 7 TTCp)2 7 (Gyp)2

As a result, the inequality,

[(l + jw) G (Jw)] + _x' >0, (19)

becomes
1
- —>
GRON) q»GIﬁb) + - 0. (20)

16



To aid in a graphical interpretation of these results, we

define
U= GRGu), and
(21)
The inequality of Equation (20) may be written as
1
U-q_W+—K—>O,
where (22)

Q2 0, K> 0.

If we replace the inequality of Equation (22) by an equal sign,

U-qW+—-=0. (23)

Then it may be seen that inequality of Equation (22) repre-
sents those points in the U-W plane of the modified phase amplitude
characteristic which are to the right of the line of Equation 23, as
shown in Figure 3.

W MODIFIED PHASE-

AMPLITUDE
CHARACTERISTIC

U

Figure 3. Stability Boundary-Popov Modified Phase
Amplitude Characteristic.

The nonlinear system synthesis problem will be concerned with
determining the variation of K for a given linear G(s). Figure U4 shows

the boundary constraints of the nonlinearity ¢(c)/0 of the system shown

in Figure 2.
17



¢ (0)

Figure 4. System Nonlinearity.

To maintain symmetry with the Bode Plots, the modified magni-
tude and phase characteristics are plotted on identical axes. Values
of the modified amplitude associated with the modified phase character-
istic for 90° < ¢ < 270° (-90°) establish the contour described in
Figure 3.

Once this contour is established in the U-W plane, the maximum
K obtainable is determined by inspection from the intersection of the
U axis and a straight line tangent to the modified phase amplitude
characteristic.

3. GRAPHICAL METHODS

An on-line printout of the Bode diagram for an open-loop
transfer function, F/E, or for a closed-loop transfer function, C/R,
is generated for the linear system. Similarly, printouts of the Popov
"modified amplitude-phase characteristics" are generated. The phase
and amplitude axes are scaled in degrees and decibels with an arbitrar-
ily selectable scale between + ¢ max degrees + M max db, respectively.
The frequency axes are logarithmically scaled in radians per second over

a range of 6 decades, beginning with an arbitragily selected lowest

18



decade. Values of amplitude and phase are calculated for 55 uniformly

distributed frequencies over the 6-decade range, plus 17 additional

A(s) . -
X*A(s) + B(s) ° This additionesl dis-

tribution of printouts expressed as a multiple of each frequency is:

points centered about each root of

(0,01, 0.08, O.1; 0.2, 0.3, 0.k, 0.5, 0,6, 0.7, 0.8
0.9, 1.0, 2.0, 4.0, 6.0, 8.0, 10).

An option of the program permits the density of the Bode plot
to be either sparse or dense. The sparse plot requires K¥ = O and only
one set of frequencies are available, from which the amplitude and
phase of A(s)/B(s) are calculated. The dense plot permits K¥ to have

values consistent with the root locus subroutine.

For each value of K¥, a different set of frequencies will
exist for K* A(s) + B(s).

A larger number of amplitude and phase values will be gener-
ated. Use of the dense plot capability may be necessary to obtain
precise definition of the graphical plot in some cases.

Any number of simultaneous expands of different portions of
the 6-decade r'requency range may be plotted.

4. DATA FORMATS

4,1 General Description.

This is a subroutine designed to supplement the methods pre-
sented in AMSAA T™M No. 21, A Linear Closed Loop System Analysis Prcce-
dure Using Line Printer Plots of Characteristic Equation Root Loci.
This subroutine utilizes the polynomial multiplication and root locus
methods discussed in AMSAA TM No. 21, and extends the analysis capa-
bilities to include the following available options:

1. Root Locus Plots.

2. Frequency Response Plots.

3. Popov Modified Phase-Amplitude Characteristics Plots.

19



For the root locus option, the output is identical with the
output obtained from AMSAA ™ No. 21.

For the frequency-response option, the output is a log-log
plot cf steady state amplitude vs frequency and a semi-log plot of
steady state phase angle vs frequency. Linear expands of amplitude

and phase for any frequency range may be plotted.

For the Popov modified phase-amplitude characteristic, the
output is a log-log plot of steady state amplitude vs frequency and
semi-log plot of steady state phase angle vs frequency. Linear ex-

pands of amplitude and phase for any frequency range may be plotted.

4.2 Input Description.

a. Program option control card that precedes all data (see

below).

b. Program option control card.

To run the program in its entirety with a dense plot in the

frequency response, i.e.: Root Locus plus Expands and Frequency
Response and Popov Plots plus expands place a one (1) in columns
10, 20, 30, and 4O.

To run only the root locus log plot, place a one (1) in

column 10 and zeros (0) in columns 20, 30, Lo.

To run the root locus expand plot, place a one (l) in column

20 and zeros (0) in columns 10, 30, L4o.

To run the sparse frequency response Popov plot only place a

one (1) in column 30 and zeros in columns 10, 20, and k0.

To run the dense frequency response plot only, place a one (1)

in columns 30 and 40 and zeros in columns 10 and 20.

To void all plot routines place a zero in columns 10, 20, 30,

and 40,

c. Comment Card that follows the g{pgram_ggtion control card

for identification purposes.

20



d. Prqggam Data Cards.

Same format as described in Chapter IV (Data Formats), para-
graph A2 of AMSAA TM No. 21. Control Card used to call All Plot Sub-
routines is same as control card used to call log plot subroutine of

AMSAA T No. 21 (Section IV, paragraph B2).

Control cardsused to call root locus option are same as control
cards used to call root locus expand option, paragraph B2, section IV of
AMSAA TM No. 21. Table 1 demonstrates this input format for the dense
frequency response option. Control cards used to call frequency response,

Popov plots, and expands of both are additional features of this report.

DESCRIPTION COLUMNS DATA
Data appears only once a. - 1-10 Smallest frequency,

rad/s (real)

b. - 11-20 Max phase angle, deg,
(real)

c. - 21-30 Max amplitude, DB (real)
Frequency response, Popov a. - 1-10 Zero,if no expands desired

(integer),

One, if expands desired

Number of expands desired a., - 1-10 No. of freq, response
phase angle expands (inte-
ger)

b. - 11-20 No. of freq response ampli-
tude expands (integer)

c. = 21-30 No. of Popov phase angle
expands (integer)

d. - 31-40 No. of Popov amplitude
expands (integer)

Region of expand, one card for 1-.10 Smallest freq, rad/s
each expand in consecutive (real)
order with a,b,c,d, above. _
11-20 Largest freq, rad/s
(real)

21



4.3, Output Description.

Depending on the options specified, the output consists of:

Root Locus Plot Option

a.

b.

Coe

A list of all of the roots plotted on the camplex
frequency plane log plot.

Two log plots of the roots calculated by the polynomial

multiplication and root locus program.

The specified number of linear expand plots of selectable
regions in the complex frequency plane.

FREQUENCY RESPONSE/POPOV PLOT OPTION

a.

5. EXAMPLES

The

A list of amplitude, amplitude in decibels, and phase
angle in degrees for various frequencies specified in

Section 3.

A log-log plot of amplitude vs frequency and a semi-log
plot of phase angle vs frequency.

The specified number of linear expands of the frequency
axis for the amplitude and phase angles of the specified

transfer function.

two examples discussed in AMSAA TM No. 21 will be analyzed,

using the frequency response/Popov plot option., The root loci of
A(s)/B(s) using K* as a parameter have previously been determined. The
characteristic equation of the system shown in Figure 2 of Reference 1

is

K*A(s) + B(s) = O.

22



The open-loop transfer function for this expression, as given
in Equation (12) is

F _ K*Al(S)+A2(S)+A3(S) (21‘)
E " B(s)
EXAMPLE 1.
where
K* = -0.005
1(s) = 092(S°+1.25-1672)(5°+3.25+25,600" +4915°(S“+68+400)
A(s) = 0.081(464)(5+2.7)(5°+3.28+25,600)
A3(s) = o.95(h6u)(s+2.7)(82+3.QS+25,600)

B(s) = S(S2+65+400)(5%+3.28+25,600)

Table 1 shows the input card format for this open-loop trans-
fer function.

Lines 2 through 24 apply to the polynomial multiplication and
root locus .ae:thods and lines 26 through 36 apply to the frequency

response and Popov condition plot subroutines.

The basic tabulated numerical output is shown in Tables 2 and
3 and is similar to Tables 2 and 3 of Reference 1. A tabulation of the
open-loop frequency res)onse gain and phase and Popov modified phase
amplitude characteristics are shown in Table 4. Figures 5 and 6 are
the Bode plots of F/E and Figures 7 and 8 are the Popov plots of F/E.
Two regions are expanded to demonstrate capability of this program.
First the regions of frequencies between 1.0 rad/s and 300 rad/s
are shown in Figures 9 and 10 (frequency response), ll and 12 (Popov
response) and secondly the region of frequencies between 120 rad/s
and 200 rad/s  shown in Figures 13 and 14 (frequency response), 15 and
16 (Popov response) are plotted. Slope information consistent with
Bode principles may be applied directly to these plots.

23



TABLE 1. INPUT FOR EXAMPLE 1

COLUMNS
1-10, 11-20 21-30 31-4o Remarks
0] 0] 1l 1 Program option
control card
Frequency Response Comment § card
0 9 2 9 504  Problem | data cards
0 1.x10° 1.x10” =] - &
b 3 L L BE =5
3 8 = v (1]
1 .005 e § £
3 25600. 3.2 1. 55. & 3
3 -1672. 1.2 Lo ®, 58
1 -2092. g .
1 .005 £ > Z
3 0. Bs -491.5 o4 .
3 Loo. €. T B
1 .081 g
2 0. L6l & =
2 Rl 1 ) =
3 25600. 3.2 1. s =
1 .95 g n
1 L6k, Q =
2 2.7 L. 3 a
3 25600. 3.2 1. 8 B
2 O 1. & =l
3 Loo. 6. i, 8 1
3 25600, 3.2 1. g !
0 0 0] 10000 Same as paragraph B2,
Chapter IV, TM No. 21.
Control card used to
call all plot sub-
routines.
JL 180. 100. 0 Wy
1 t 5383
2 2 2 2 3 3
1. 300. & 8
120. 200. 5 o <
1. 300. -
120, 200. & o
T, 300. "%
120. 200, 28
1. 300. ‘e
120. 200. g
f o9
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EXAMPLE 2

Table 6, and Figures 12 through 14 of Reference 1 are the
A(s)/B(s) for a 2Uth order linear system. Table 5 gives the F/E
data input for this system, and Table 6 lists open-loop transfer func-
tion. Figures 17 and 18 show the Bode plot and Figures 19 and 20 show
the Popov plot. An expand plot of the region between 1 rad/s < w < 200
rad/s is shown in Figures 21 and 22 for the frequency response and in

Figures 23 and 24 for the Popov response,

These two examples demonstrate the significant systems analy-
sis capability that can be realized by using the tools developed in
this document and the related programs contained in References 1 and 2.
Detailed conclusions can be realized when high order feedback control

systems are encountered.

6. CONCLUSIONS

The method described in this memorandum for computing linear
system root loci, steady state amplitude and phase, and the nonlinear
system steady state modified phase-amplitude characteristic has the

following merits:

l. Accepts input in the form of sums of products of poly-
nomials.

2. Produces a log plot of the entire complex plane in two
graphical displays.

3. Produces selectable scaled linear plots of regions in
complex frequency plane.

4, Relates the closed-loop gain to the graphical display.

5. Produces a magnitude (db) vs log frequency steady state
response plot.

6. Produces a phase (deg) vs log frequency steady state
response plot.

7. Produces selectable scaled linear plots of magnitude
and phase of the steady state frequency response.

25 Next page is blank,
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